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Abstract

An approximate theory of thin plates is developed that is based on an assumed displacement field, the strains de-
scribed by a Taylor series in the normal distance from the middle surface, the exact strains of the middle surface, and the
equations of equilibrium governing the exact configuration of the deformed middle surface. In this theory, the exact
geometry of the deformed middle surface is used to derive the strains and equilibrium of plates. This theory reduces to
some existing nonlinear theories through imposition of constraints. Application of this theory does not depend on the
constitutive law because, the physical deformation measure is used. It can also be applied when the response, loading
and geometry of the plate are asymmetric and when the vibration mode number is not small. Predictions of membrane
forces in a rectangular plate and of the equilibrium solution in a rotating disk are sample problems. © 2000 Elsevier
Science Ltd. All rights reserved.
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1. Introduction

A nonlinear theory for thin rotating disks and translating plates is of interest because of numerous
applications to the modeling of: saws blades (Mote, 1965a), computer memory disks (Luo and Mote, 1999),
translating bands (Mote, 1965b; Wang and Mote, 1994), turbine disks (Campbell, 1924), and others. At
high speeds of common applications, the transverse vibration of these plates can be of large amplitude and
highly nonlinear.

von Karman (1910), for at the first time presented a nonlinear plate theory when the nonlinear stretch
effects in the transverse, equilibrium balance were considered. Love (1944), improved the equilibrium
balance in the von Karman theory of 1910, when the curvature based on the nonlinear strain used by von
Karman was used, and Chien (1944a,b) presented an intrinsic theory of shells through differential geo-
metry. In the same year, Reissner (1944) introduced the deformation caused by shear strain into the
bending of elastic plates through an assumed displacement field. Then, following the von Karman theory,
Reissner (1957) presented his nonlinear plate theory that included shear deformation. Herrmann (1955)
derived a plate theory governing dynamic motion with small elongation and shear deformation, but
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moderately large rotation. In the aforementioned references, the strain of the middle surface, approximated
by either the linear terms of its Taylor series expansion about the unstrained middle surface of thin plates or
the Lagrangian and Eulerian strains of the deformed middle surface was used. The in-plane equilibrium
balances are referred in the undeformed middle surface. In nonlinear plate theories, the von Karman
equations have been used to investigate the nonlinear vibration of a spinning disk (Nowinski, 1964, 1981;
Renshaw and Mote, 1995; Hamidzadeh et al., 1998). The von Karman equations considered the nonlinear
effects only in the transverse direction, and such equations did not include the Coriolis acceleration.

In 1990, Wang developed a two-dimensional theory reduced from the three-dimensional theory for a
transversely isotropic body through the decomposition of general displacements in the three-dimensional
body into the asymmetrical and symmetrical deformations, and Wang discussed the static plate problem
rather than the dynamic plate theory. Hodges et al. (1993) developed the geometrically nonlinear plate
theory through the introduction of warping displacement, and extra equations were presented for deter-
mining the warping displacement.

For a complete consideration of geometrical nonlinearity in plates, a displacement field at any material
point is expressed by a series form of displacements in the middle surface and a normal distance from the
middle surface in the transverse direction. The series expression is different from the displacement de-
composition in Wang (1990). It also differs from the director series expression of displacements given by
Naghdi (1972). In such a director expression, the infinite directors are unknown. However, the series ex-
pression of displacements proposed in this article can be determined through the plate assumptions, such as
Kirchhoff assumptions, etc. From the assumed displacement field, an approximate theory of geometrically
nonlinear plates will be developed herein through the nonlinear deformation theory in a 3-D body.

In this article, the physical strain and equilibrium equations in the plates will be derived based on the
exact geometry of the deformed middle surfaces. This theory reduces to some established, approximate,
nonlinear theories of the thin plates through imposition of constraints. Predictions of membrane forces in a
rectangular plate and of the equilibrium solution in a rotating disk will be presented as sample problems.

2. A nonlinear theory of thin plates
2.1. Deformation of a 3-D body

Consider a material particle P(Y!, Y2, ¥3) in a flexible body %4, at the initial state as shown in Fig. 1. The
position R of the particle is described by YX:

R =Yl =Y'I; + Y1, + VL, (1)

where Ix are unit vectors in the fixed coordinates. In the local curvilinear reference frame, R is represented
by

R = XXGx = X'G, + X’G, + X°G;, (2)

where the component XX = R - GX in Eringen (1962) and the initial base vectors Gx = Gg (X', X%, X3, 1))
are

_O0R  arM(X', X2 X7, 14)
XK XK

Gk Ly = YLy (3)

with magnitudes
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Fig. 1. A material particle P.
oYt\* /ov2\* /or3\’ ,
|Gk (x)| = /Ggx = \/<6X_K> + (GX—K> + <6X_K> (no summation on X) (4)

=ty

and Gy, = Gg - G, are metric coefficients in the body %,.

On deformation of %,, the particle at point P moves through displacement u to position p, and the
particle Q, infinitesimally close to P(X!, X% X3 t;), moves through u+ du to ¢ in the neighborhood of
p(X', X2, X3, 1), as illustrated in Fig. 2.

The position of point p is

r=R+u=X*+u5Gy, (5)
where the displacement is u = X Gg. Thus, PO = dR and pg = dr are
dR = Gg dX*, dr = G dX* + du (6)
q
u+tdu
P A 0 dr
X fldr
G; G, u p
P X
X
R G
13 A 12 Y2
L > |
Yl o

Fig. 2. Deformation of a differential linear element.
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and the displacement becomes

du:ufidXLszuK;LdXLGK, (7)
where u¥ = du* JoX*+ , I'y,u™ and ,I'y, is the Christoffel symbol in Eringen (1967). The semicolon rep-
resents covariant partial differentiation. From Egs. (6) and (7), we obtain

dr = (u{; n 5’;)GK dxt. (8)
The Lagrangian strain tensor Epy referred to the initial configuration is from Eringen (1962).

En= %(uL;N +uyy + uﬁuK:N). 9)
As in Eringen (1962) (also see, Malvern, 1969), the change in length of dR per unit length gives

ol
_ 1K Kl_

E
ey = 1+2=2 1

a Ve v

where ey is the relative elongation along Gg. The unit vectors along dR and dr in Eringen (1967) are
K
R 1 uf + of
NodR L o A g o)
|dR| Gk ldr|  /Gkg + 2Exx
Accordingly, unit vectors of the deformed configuration in the directions g, and g, are
dlr dzr
n=-—, n= (12)
dr
2

Gy. (11)

Let @, and 6;, be the induced angles between n and n before and after deformation. Then

dr-dr
G 2FE
cos 01, = cos(BOn — 1) = 12 _ 12 + 2012 ,
d]l‘ dzl‘ \/(Gll +2E11)(G22+2E23)
1
®RER G, "
cos O = =
dlll ‘d;}ll‘ VG11G22
and the shear strain is
_ Gz 1 G + 2E),
72 = Oy — 01y = cos”' ————=— cos . (14
o ER e VGi1Gx ( V(G +2E11)(Gy + 2En) )
The other shear strains are obtained in a similar manner.
From Eq. (13), the direction cosine of the rotation is
dR - dr 5L 4 uk
KL K % (no summation on K). (15)

(M) Tonlu] T s
kK Ilz Gkk
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In addition, the area and volume changes are given by

(}Ja (1+31>1> (H‘glj) sin 0;; ﬂ_

d4 sin @IJ ’ dv

J

-/ I
0, +u,

, (16)

where dv, dV are the differential material volumes after and before deformation, respectively; | - | repre-
sents the determinant. The areas after and before deformation are da = dr x dr and d4 = dR x dR where
I # J. 1J 1 J 1J 1 J

2.2. Strain in thin plates

Let the Lagrangian coordinates be a rectangular Cartesian system:
Y'=x'=x, Y’=X’'=y Y =X'=: (17)
and
u = ui + vj + wk, (18)
where I} =i, I, =j and I; = k. Therefore, from Egs. (17) and (18), we have
Gix =1, G =0, I =0, @Kng (K #L). (19)

Then, the physical strains in Eqgs. (10) and (14) become

& = \/(5f + uKJ) (5f + uKJ) —1 (summation on X), (20)

(55< + uKJ) (55( + uKJ)
\/(55< + uK‘l) (55( + ul(,l) \/(55 + MKJ) (55 + u[(“])

where {I,J,K} ={1,2,3}, {1=x, 2=y, 3=z} and {u; =u, u =v, u3 = w}. For reduction of the
three-dimensional body displacements to a two-dimensional body form, displacements can be expressed in
a Taylor series expanded about the displacement of the middle surface. Thus, similar to the basic kine-
matics hypothesis in Wempner (1973), the displacement field is represented by

9, = sin”! (summation on K), (21)

up = MEO)(xvya t) + Zz"q)f,")(x,y, t)» (22)

n=1

where u}o) denotes displacements of the middle surface, and the (pﬁ'” (n=1,2,...) are relative rotations.
Substitution of Eq. (22) into Egs. (20) and (21) and collection of like powers of z gives

2
o 0 1 o 0 2 n (1 o 0 1
() [ 2f(5 ) o] ot (574 i)l
&y N sfx> + 0 - 3
(1 +8§0)) 1+ & (1 +s§?>>

1 2
(85 + ") ol

14+ 8&0)

z+

24, (23)

2
(o wofseot)or)_[(8 401,

0) 3
1+ & (1 n 8go))

z+
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0) 1 (51 + ‘/’1 ) (52 + (P12> ) (51 +u 1) 51) (52 + ”/2) (Pglg
TRt ) oY S s—+ 5 z4---,
cos iy | (1) (1+4) (1+4") (144
(25)
o 1 J@re)(+e) (el 2(00+ el )ef
Yoz N V3 T o oY~ Sinva — > Z4 e,
COS V53 (1 + & )(1 + & ) (1+8§0)) (1+820))
(26)

where o = {1,2}. The strains of the middle surface, following Eqgs. (20)—(22), at z = 0, are

£0) = \/(5’< + um) (5K + ,“) 1 and 0= \/(5§ + <p§?>) (5§ + <p§?)) ~1, (27)

() o ) (e

(1) (1+4) (1+&”) (1+4")

In Eqgs. (23)-(26), prediction of strain requires specification of three constraints for determination of the
three sets (p}m (I=1,2,3;n=1,2,...), like the assumptions (y,; = &3 = 0) as in Kirchhoff (1850).

7Y = sin and 7 = sin

2.3. Equations of equilibrium for thin plates

Consider a thin plate subjected to the inertial force pu; ,, where p = ffz, podz and p, is the density of the
plate; body force f = {f;}; surface loading {p;“, pr }, where the superscripts + and — denote the upper and
lower surfaces; external moment m? before deformation. The distributed loading q = {¢;} has the com-
ponents

t nt
g=pf—p+ [ fidz and m,=md+h"pl +hp, + | fizdz (29)
—h~ —h~
where &7 = it + h~. From Egs. (14) and (16), the distributed loading after deformation becomes

{g1} = {a:}/[(1 + &) (1 + &2) cos pys]. (30)

As the physical deformation measure is used in the Lagrangian coordinates, the constitutive laws based on
such measure are

oy =F(Aymy, emn, t) (31)

used for the determination of the physical stresses directly (or sometime, termed the Kirchhoff stress), where
Ay 18 material properties (e.g.,Young’s modulus, Poisson’s ratio). Eq. (31) can be either Hooke’s law for
linear elastic materials or other similar laws for plasticity and others. Based on such physical stresses, the
internal, resultant forces and moments can be determined in the Lagrangian coordinates. As in Wempner
(1973), the use of Egs. (16) and (31) gives the stress resultant forces and couples in the deformed plate:

ht nt
Ny = / oupl(1 + &) (1 +&3)cos y,30dz, My = / Udﬁﬁ [(14¢&)(1+ 83>2COS 7,)dz, (32)
—h~ —h- O
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where N,; is the membrane forces and M, is the bending and twisting moments per unit length and {o, f} =
{1,2}. If the Kirchhoff assumption (&3 = 0) is used, Eq. (32) reduces to the form as in the textbook. The
transverse shear forces are derived from the equations of equilibrium. The force balances based on the
deformed middle surface in the three directions of Lagrangian coordinates, and the use of Eq. (15), give

(N (o + ) 0(3] + o)
+
110 [+ 60

+q; = puﬁo,z + Ich;}li (summation on o, f3), (33)

and the balances of moments in the Lagrangian coordinates, and the use of Eq. (15), give

M. (5{;:11 + ”«E-%,/M) (=" Wik, (5f + “<01))

+ Ni2
0 0
I 1 +8;3421 , 1 +8§,+>1
(14 08") (o7 + ) = ptud)
-0, 0 ~ | +m, =Lu) + JLol') (no summation on y), (34)
+ & ’
© B <0>)
MiﬂulL)H—l Nap (5“ Tl ro+1(/)g<l) (0) —
(0) (0) + (0) 1 + Uy ol ) = Oa (35)
L+egly | 1 +eg 1 +e& '

where I, = ﬂ;, pozdz, J, = ffz, poz>dz. For any Greek symbol index v € {a, 8,7} = {1,2}, v+ 1 becomes
v—1if v+ 1 > 2. Therefore, the balances of equilibrium for thin plates give Egs. (33)—(35). They together
with Eqgs. (25)-(28) constitute this approximate nonlinear theory for thin plates.

The equilibrium equations are based on the deformed middle surface in the Lagrangian coordinates. The
alternative approach presented in Wempner (1973) can derive the similar equilibrium equations. With Eq.
(32)—(35) can also be derived by using Boussinesq—Kirchhoff equations in Guo (1980).

3. Reduction to established theories
3.1. Kirchhoff plate theory
The Kirchhoff assumptions specify ¢; = y,; = 0. From Eqgs. (20) and (21), these constraints become
(07 +wra) (9] +w13) = 1, (36)

Substitution of Eq. (22) into Egs. (36) and (37), expansion of them in Taylor series in z and the vanishing of
the zero-order terms in z give

(67 + ") (6] + 0V) =1, (38)
(8% + urs) (5§ + (p}”) =0. (39)

<p§1) can be obtained from Egs. (38) and (39) first. From the Taylor series, vanishing of the first-order terms
in z gives three equations in (p}z) similar to Egs. (38) and (39). The three equations plus qo}” give ¢§2); (pﬁ”) for
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n=3,4,... can be determined in a similar manner. With the first-order approximation in Egs. (36) and
(37), the solution to Eqs. (38) and (39) with {1l =x, 2=y, 3=z} and {uy = u, u, = v, u3 = w} is
v@wgm_(1+v9)ww

X

2 2 2’
0w = (@)l [t — (1) (1) (142) 2]

¢ =

0),,(0 0) ) ,,(0
ufy)wfx) - (l + ufx>)wf_v)

¥y = )
2 2 2
PO - (LT 4 [0 = (14 @]+ [(12) (1) — 0]

(41)
(1 + u<j3>) (1 + v<§>) — w00
" ), (0) Y. ] <m© Y. 01 ) © ©. ]2
[v,x wy' — (1 + vy )wﬁx } + [u} Wy — (1 + Uy )wﬁy } + Kl + uy )(1 + vy ) — Wy Wy ]
_ 1’
(42)

where the superscript “(1)” has been dropped for notational convenience. Substitution of Egs. (39)-(42)
into Egs. (25) and (27) gives

2
o/ +u(0))(p‘ [(57‘—|—u(0))(p. }
o (0 ( i i,00 00 q)i,:xq)i‘oc _ i 00 0 5
amE oy ot 0 oy (T (43)
1+ &) L+ & (1+8§>>

(5} + uz(ol)) P (512 + uz((?) Pin

(v ()
1 2

1 (6, +0.1) (6 +02) .
O o oY S Z4 -
COS V12 <1+£1 >(1+£2 )

0
Y12 = V(lz) +

(44)
Substitution of Eq. (39) in Egs. (33)—(35) yields the equilibrium balance for Kirchhoff’s plates.
3.2. Moderately large deflection of thin plates
For moderately large transverse deflection, assumptions for the middle surface are:
u§°j ~ o(uéoi) ~o [(w(f))z} <1, 1+ ~1. (45)
Therefore, the strains of the middle surface become
RS T ) I N S I (46)

Substitution of Egs. (45) and (46) into Egs. (40)—(42) generates

Dy ,2 (N 0. (47)

Q
|
gA
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Substitution of Egs. (45)-(47) into Egs. (30), (43) and, (44), and retention of terms that are first order in z,
leads to

2
&y~ ul’) + %(W5£)> — ng;; Yo & uéol) + ”(102> + W,(:))W,(g) — 2WF?2)Z. (48)

From Egs. (38), (45) and (47), the equilibrium balances in Eqgs. (33)-(35) give

[Nx,li - Q/;W,(o?)} 5 +q. = P“é(,);), - IW,(0?1>17 (49)
0

Ny + Q.], + g3 = pw'y), (50)

Mg p + N12W,(34)r1 — O tmy, = ]ugfr)t - wa}r (51)

With density p, constant and h~ = A" = h/2, we have L. = 0, J. = p,h*/12. When the rotary inertia is
neglected, Eq. (51) becomes
Mysp+ leWff)ﬂ -0, +m, =0, (52)

when m, = ¢, = 0, the shear Q, in Eq. (49) and N, in Eq. (52) vanish, and Egs. (49), (50) and (52) at
h™ = h~ = h/2 reduce to the nonlinear plate theory of Herrmann (1955).

The von Karman plate theory is recovered by letting m, = ¢, = 0 and neglecting the terms wff) < 1lin
Eqgs. (49) and (52):

Nypp = 0, (53)

Mygp— 0, =0. (54)
Substitution of Egs. (53) and (54) into Eq. (50) gives
No(/iw<x0/>; + erﬁ,zxﬁ + q3 = Pw<2)» (55)

where the von Karman theory is applicable to plates of the moderately large deflection and small rotation,
the theory in Eqgs. (48)—(51) is applicable to plates of moderately large deflection and rotation because of
Eq. (45).

3.3. Linear plate theory

The linear theory for thin plates is recovered from Egs. (25)-(28) and Egs. (33)—(35), when the Kirchhoff
constraints are imposed: the elongation and shear in the plate are small compared to unity; the rotations are
negligible compared to the elongation and shear:

u) mo(uy)) mowd) < 1, 1+ ~1. (56)

From the foregoing, the strains of the middle surface become

0 0 0
6 mull), 9l A ). (57)

Substitution of Egs. (56) and (57) into Egs. (39)—(42) generates the rotation angles given by Eq. (47). With
Egs. (47), (56) and (57), Egs. (33)—(35) reduce to the linear plate theory

Nupp + g = pul), Mopop+q3 = PW,(,?)' (58)

3(7

The shear forces are given by Eq. (54).
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4. Applications
4.1. Membrane forces in a rectangular plate

Consider a thin, simply supported, rectangular plate subjected to a distributed transverse surface load ¢.
The length, width and thickness of the plate are /, b and /, respectively. When Hooke’s law for linearly
elastic, isotropic materials is used, from Eq. (32) and Egs. (48)—(51), the equations governing the equilib-
rium state for a nonlinear, isotropic rectangular plate at m, = ¢, = 0, g3 = ¢, are

1- 1+ 1 - 1+
U xx + T'uu,yy + 2 'uvxy + W (W,xx + TMW,}y) + T'uw,xyw,y
+—= " [(Vz )W } + [(Vzw) w } ~0 (59)
12 X I Vv ’
1—u 1+
Y Ty Ve 2 2

1- 1+
ux} + W (W)y + —'uw,xx) + _'uw,xyw,x

h? 1 1
7w | (t 300 (o 5000 ) s 1= 0y 4w,

L . A

P

(61)

where p,, E and p are density, Young’s modulus and Poisson’s ratio, respectively. The superscript ““(0)”” has
been dropped for notational convenience. The 4? terms in Egs. (59) and (60) and the (1 — u) terms in Eq. (61)
that are ignored in the von Karman theory are the contributions of normal and shear forces in the in-plane.

With Eq. (32), Egs. (45)—(48), application of the Hooke’s law to linear, isotropic, elastic materials gives
membrane forces N, N,, N,,, 1.e.,

Ny = 12 [ (43007 ) + (w0 + 300, )7) |

N_v—m[(v #3000 + e+ 2 |, (62)
Ny = 2(14&”( Ty +waw,)

and the boundary conditions are

u(an) = u(lay) = W(Ovy) = W(lvy) =0, W,xx(ovy) = W,ch(l?y) =0; } (63)
v(x,0) = v(x,b) = w(x,0) =w(x,b) =0, w,(x,0)=w,(xb)=0 "

A transverse displacement in Eq. (61), satisfying the displacement boundary conditions of Eq. (63), can
be represented by

Zthmn s1n( ) in(?), (64)

m=1 n=

where f,,, is unknown. To compare with existing solutions given by the von Karman theory, a single mode
(m, n) is considered here. Following the procedure of Chu and Herrmann (1956), one obtains the solutions
for u and v from Egs. (59), (60), (63) and (64) as
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U~ h—; T—gﬁn sin <2m—lnx> lcos <2nb7ty ) — (1 — 'L(t;n;))zz ) + (?)2 (mg)z (1 + (ZQ;) sin’ (?)]7
VR %2 %ffm sin (anﬂ> [cos (@) - (1 - #((Zé’j) + (%)2 (ng)Z (1 + ((er));> sin’ (@)]

where f,,, can be predicted in Eq. (61) through the Galerkin method. For the von Karman theory, the
displacement in Chu and Herrmann (1956) is

2 2
RS hT nf_g ri,, Sl.n<_2mlnx) lcos(znbny )— (1 - l;(n[j))z )];
m
(66)
. B nm Sin<2n7ty> COS(2mnx) B (1 B ,u(mb)z)
b 167 b ! (ni)? /|

The terms in Eq. (65), not appearing in Eq. (66) arise from the shear forces in the longitudinal directions.
When ©2h2[(mb)” + (nl)*] < 6(bl)*, the additional terms can be neglected. When the thickness is very small
compared to the width and the mode number is very small, Egs. (65) and (66) can give u ~ v ~ 0 by the

linear theory for f,,, < 1. The (h/b)* and (h/1)* terms in Eq. (65) become significant as the thickness in-
creases and when m, n become large.

(65)

o
Fig. 3. Rotating disk with fully clamped hub.
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4.2. Equilibrium solution for rotating disk

Consider the uniform, flexible, circular disk rotating with constant angular speed Q as shown in Fig. 3.
The coordinate (r,4,¢) rotates with the disk and (r, 0,¢) remains fixed in space. They satisfy

0 =1+ Q. (67)

Consider equilibrium solutions of the plate undergoing large amplitude displacement. Neglect of the in-

plane inertia in Egs. (49)—(51), elimination of time dependence, and transformation to polar coordinates
give

0 14+ p
Uy +— ==+ —= Uy .00 +— Upro — “ha U0 + U, —~ 5 Uz 0 +—= U; roUz0
r r 2r 2r

Uy U 1—p 14+ pu 3—wu y +1—
o2 212

Ll {(um)z - riz (uz‘g)z} + g { (Vu) ey +rlz () g, AG} + Po(lT*#Z) @r=0, (68)

uggo 1 —n Ug, U 1+ u 3—u 1+ u
2 (o 5 =) g e T e+ Bt
Uz 0 | Uz00 1 - u Uzr h2 1 2 1 2 —
+= [ 24— (e + )} i3 | (Tl +5 (V) o] 0 =0 (69)
1 (uzr)2 U.  Ugp (Mz0)2 Urg Up Uz U0
{9t | S B O b (1= ) [, 0 B B
r 2 r r 2r2 r r r )
11w 20) ) : -l
LY (9 LTI C 1) P C o uz,9+(1—u)[ue,r+u‘0—@+—”’u’0]uz,r
r\r| r r 2r? 2 r r r ,
(=g 1y po1—=42)
+ = IZV w+ z Qu_ gg. (70)

If the 4* terms in Egs. (68) and (69) and the (1 — ) terms in Eq. (70) are neglected, Egs. (68)—(70) reduce to
the von Karman equations, as presented in Nowinski (1964) for equilibrium of the rotating disk. Such
terms in Egs. (68)—(70) are the contributions of normal and shear force in the in-plane. When the Hooke’s
law for linear, isotropic, elastic materials is used, the membrane forces {N,, Ny, N,y} through Eqgs. (45)—(47)
are:

Eh I | 1 R
N, = 1——/12 {ur,r + 3 ()" 4+ [; u, + L + 372 (u=p) } },
Eh 1 1 1 By 1 )
No=1— 7 {; uy + g + ﬁ(uze) +p [um + E(uz,r) } } : (71)
Eh 1 1 1
Ny = 2(1—+,u) <u6,r + ;Ur,e - ;ue + - (uz.r)(uz,e))
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The boundary conditions are

U =ug=u, =0, u,=0 atr=ua (72)

Uz + ﬂ(% Uz + %2”2,99) = 07 (VZUZ)J + l,,__zlu (uz,r - %uz)’gg =0 atr=>5

and the radial and shear forces at » = b satisfying N, = N,y = 0 give
1 1 1 1 1 1 1

ur,r + E (uz,r)2 + M ;ur + ;u(),() + ﬁ (uz,())z = 07 Ug » + ;ur,() - ;U() + ; (uz,r) (uzl)) - 0 (73)
Let the modal transverse load be

q = q.cos(s0) + g,sin (s0). (74)
and an approximate solution satisfying the boundary condition (72) be

4 7\ mts
" = h;cm(g) " cos(s0) + £, sin(s0)]. (75)

Substitution of Eq. (75) into Egs. (68) and (69) and their solutions into Eqgs. (72) and (73) give modal u,, uy.
Substitution of u,,uy,u. in Eq. (71) predicts the approximate equilibrium membrane forces. Finally, ap-
plication of the Galerkin method to Eq. (70) generates the approximate equilibrium solution.

The nondimensionalized deflection and transverse load amplitudes are:

1 — 1)
R e AT (76)

where

4 4 4
_ 1 m+s+1 _ 1 1 m+n+2s+1
a—zm+s+1(1 K" C,, /3_12;;’"%”“1(1 K )CCr. (77)

m=0

Note that x =a/b is the clamping ratio. Coefficients C, are determined through satisfaction of the
boundary condition, and coefficients « and f are generated by application of the Galerkin’s method to
Eq. (70).

Comparisons of predictions of the equilibrium amplitude A4 for load amplitude Q by this theory, the von
Karman theory and the linear theory are illustrated in Figs. 4-6 for a model of a 3.5 in. diameter, computer
memory hard disk with inner and outer radii @ = 15.5 mm and b = 43 mm, respectively. This theory and
the von Karman theory give identical prediction for s = 0 in Fig. 4 because of the symmetric loading and
response. The relative errors in the transverse load between the linear and nonlinear theories at 4 = 1.0 are
about 12.2% and 9.8% for Q = 0 and 20k~ rpm. For a specified Q = 50 at s = 0, the relative errors for the
displacement amplitudes between the linear and nonlinear theories are less than 8% and 5% for @ = 0 and
20k~ rpm. When s # 0, the transverse load and response of the disk are asymmetric. For s = 1 in Fig. 5,
predictions by the two nonlinear theories are close when 4 < 0.2, and their relative error in the transverse
load between the nonlinear theories is less than 4%. Predictions of the linear theory are close to the
nonlinear theories when 4 < 0.1 and the relative error of the linear theory to the theory is less than 2.5%.
Similar to the discussion for s = 0, for a specified O = 20 at s = 1, the relative errors of the displacement
amplitudes of the linear theory and the von Karman theory to the proposed theory are about 20% and 8%
at Q@ = 0. For s = 4 in Fig. 6, the three theories, with the maximum relative error less than 1%, are in good
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Fig. 4. The equilibrium deflection versus transverse load (s = 0). The solid, dot-dash and dash lines denote the disk displacements
predicted by this theory, the von Karman theory and the linear theory (¢ = 15.5 mm, b =43 mm, 4# = 0.775 mm, p, = 2770 kg/mE,
E =73 GPa, u=0.33).
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Fig. 5. The equilibrium deflection versus transverse load (s = 1) at Q = 0. The solid, dot-dash and dash lines denote the disk dis-
placements predicted by this theory, the von Karman theory and the linear theory (a = 15.5 mm, » =43 mm, 4 = 0.775 mm,
po = 2770 kg/m’, E = 73 GPa, u = 0.33).

agreement when 4 < 0.1. When 4 < 0.2, the linear theory is in agreement with the proposed theory with less
than 3% relative error. The von Karman theory gives results poorer than the linear theory because the von
Karman theory models a balance of forces created by the curvature of the disks only in the transverse
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Fig. 6. The equilibrium deflection versus transverse load (s = 4). The solid, dot-dash and dash lines denote the disk displacements
predicted by this theory, the von Karman theory and the linear theory (¢ = 15.5 mm, b =43 mm, 4 = 0.775 mm, p, = 2770 kg/m3,
E =73 GPa, u = 0.33).

direction. The membrane forces arising from force balances in the in-plane directions and moment balances
are not included. For the symmetric response, the von Karman theory is identical to the proposed theory.
For asymmetric responses, two nonlinear theories will give different predictions. Especially, for s = 4, the
von Karman theory gives the response showing the softening-spring behavior but the proposed theory gives
the response showing the hardening-spring behavior. The softening-spring behavior of the rotating disks
indicates that the corresponding stiffness becomes small when the external loading increases. However, for
the hardening-spring behavior, the stiffness of such rotating disks increases with increasing the external
loading. Predictions of displacement of the disk produced by the three plate theories deviate when the disk
deflection and/or the nodal diameter s become large. Agreement of those predictions improves as 2 in-
creases.

5. Conclusions

An approximate theory for geometrically nonlinear plates is developed in this article. The theory includes
the physical strains and equilibrium equations of the plates based on the exact geometry of the deformed
middle surface in the Lagrangian coordinates. Limitations on the constitutive laws are not required because
the physical strains instead of the Lagrangian and Eulerian strains are used to develop such approximate
theory. Therefore, the geometrical relations and equilibrium equations presented in the proposed theory are
applicable for all deformation processes of thin plates, such as elasticity, plasticity and the others.
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